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In view of ontrolling nite dimensional open quantum systems, we provide a unied Lie-semigroup
framework desribing the struture of ompletely positive trae-preserving maps. It allows (i) to
identify the Kossakowski-Lindblad generators as the Lie wedge of a subsemigroup, (ii) to link
properties of Lie semigroups suh as divisibility with Markov properties of quantum hannels,
and (iii) to haraterise reahable sets and ontrollability in open systems. We eluidate when
time-optimal ontrols derived for the analogous losed system already give good delities in open
systems and when a more detailed knowledge of the open system (e.g., in terms of the parameters of
its Kossakowski-Lindblad master equation) is atually required for state-of-the-art optimal-ontrol
algorithms. As an outlook, we sketh the struture of a new, potentially more eient numerial
approah expliitly making use of the orresponding Lie wedge.
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I. INTRODUCTION
Understanding and manipulating open quantum sys-
tems and quantum hannels is an important hallenge
for exploiting quantum eets in future tehnology [1℄.
Proteting quantum systems against relaxation is
therefore tantamount to using oherent superpositions
as a resoure. To this end, deoherene-free subspaes
have been applied [2℄, bang-bang ontrols [3℄ have been
used for deoupling the system from dissipative intera-
tion with the environment, while a quantum Zeno ap-
proah [4℄ may be taken to projetively keep the system
within the desired subspae [5℄. Very reently, the op-
posite approah has been taken by solely expoiting re-
laxative proesses for state preparation [6, 7℄. It is an
extreme ase of engineering quantum dynamis in open
systems [8℄, where targeting x points has lately beome
of interest [9℄.
In either ase, for exploiting the power of system and
ontrol theory, rst the quantum systems has to be har-
aterised, e.g., by input-output relations in the sense of
quantum proess tomography. Deiding whether the dy-
namis of the quantum system thus speied allows for a
Markovian desription to good approximation (maybe up
to a ertain level of noise) has reently been addressed
[10, 11, 12℄. This is of ruial interest, sine a Marko-
vian equation of motion paves the way to applying the
power Lie-theoreti methods [13, 14℄ from geometri and
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bilinear ontrol theory. Moreover, it omes with the well-
established frameworks of ompletely positive semigroups
and Kraus representations [15, 16, 17, 18, 19, 20, 21, 22℄.
On the other hand, the spei Lie-semigroup aspets
of open quantum systems learly have not been elabo-
rated on in the pioneering period 197176 of ompletely
positive semigroups [16, 17, 19, 20, 23℄, mainly sine ma-
jor progress in the understanding of Lie semigroups was
made in the deade 198999 [24, 25, 26, 27, 28, 29℄. While
relations of Lie semigroups and lassial ontrol theory
were soon established, e.g., in [28, 30, 31, 32, 33, 34, 35,
36℄, only reently the use of Lie-semigroup terms in the
ontrol of open quantum systems was initiated [37, 38℄,
where in [37℄ the elaborations were onned to single two-
level systems. However, we see a great potential in ex-
ploiting the algebrai struture of Lie-semigroup theory
for pratial problems of reahability and ontrol of open
quantum systems.
Its importane beomes evident, beause among the
generi tools needed for the urrent advanes in quan-
tum tehnology (for a survey see, e.g., [1℄), quantum
ontrol plays a major role. From formal desription of
quantum optimal ontrol [39℄ the theoretial aspets of
existene of optima soon matured into numerial algo-
rithms solving pratial problems of steering quantum
dynamis [40, 41, 42, 43℄. Their key onern is to nd
optima of some quality funtion like the quantum gate -
delity under realisti onditions and, moreover, onstru-
tive ways of ahieving those optima given the onstraints
of an aessible experimental setting. For a reent in-
trodution, see [44℄. However, realisti implementations
in open quantum systems are mostly beyond analytial
tratability. Hene numerial methods are often indis-
2pensible, where gradient-like algorithms are the most ba-
si, but robust tools. Thus they proved appliable to
a broad array of problems inluding optimal ontrol of
losed quantum systems [43, 45℄ and omputing entan-
glement measures [46, 47, 48℄. For mathematial details
on gradient systems as numerial tools for onstrained
optimisation, we refer to [49, 50, 51℄.
Generalising these well-established gradient teh-
niques, in our previous work [46℄, we have exploited the
geometry of Riemannian manifolds related to Lie groups,
their subgroups, and homogeneous spaes in a ommon
framework for setting up gradient ows in losed quan-
tum systems. There we addressed (a) abstrat optimisa-
tion tasks on smooth state-spae manifolds and (b) dy-
nami optimal ontrol tasks in the spei time sales of
an experimental setting. Here, we will see that the orre-
sponding abstrat optimisation tasks for open quantum
systems are muh more involved, while the dynami op-
timal ontrol tasks remain in priniple the same. From
a mathematial point of view, this diulty results from
the fat that the evolution of a ontrolled open quantum
system is no longer desribed by a semigroup of unitary
propagators, i.e. by a semigroup ontained in a ompat
Lie group.
Thus, we extend the Lie-theoreti approah in [46℄ to -
nite dimensional open quantum systems and disuss their
dynamis in terms of Lie semigroups. In partiular, we
haraterise the Lie properties (the Lie wedge) of Marko-
vian quantum hannels from the viewpoint of divisibil-
ity and loal divisibility in semigroups.  On a general
sale and with regard to pratial appliations of quan-
tum ontrol, knowing about the Lie-semigroup struture
of the dynami system is shown to be highly advanta-
geous: analysing its tangent ones (Lie wedges) allows
for addressing problems of reahability, aessibility, on-
trollability and atual ontrol in a unied frame providing
powerful Lie algebrai terms.
Starting Point
To begin with, we briey indiate how the theory elui-
dated in previous work [46℄ an be extended to reahable
sets of non neessarily ontrollable systems. In parti-
ular, we onentrate on the struture of reahable sets
and obstales arising from it. Moreover, pertinent appli-
ations to open relaxative quantum dynamial systems
are elaboratedproving the relevane of the semigroup
setting in physis.
The starting point in [46℄ was a smooth state-spae
manifold M or a ontrollable dynamial system on M ,
i.e. a ontrol system whose reahable sets Reach(X0) sat-
isfy Reach(X0) = M for all X0 ∈ M . For a right invari-
ant system (4) the state spae of whih is given by a
onneted Lie group G, ontrollability is equivalent to
the fat that the entire group G an be reahed from the
unity 1l, i.e.
G = Reach(1l) :=
⋃
T≥0
Reach(1l, T ), (1)
where Reach(1l, T ) denotes the reahability set in time
T ≥ 0, i.e. the set of all states to where the systems an
be steered from 1l ∈ G in time T , f. Eqn.(5). In general,
however, we annot expet Eqn.(1) to hold. Neverthe-
less, the reahability sets Reach(1l, T1) and Reach(1l, T2)
of right invariant systems obey the following multiplia-
tive struture
Reach(1l, T1) · Reach(1l, T2) = Reach(1l, T1 + T2).
Thus Reach(1l) is a subsemigroup of G, see Se.II D. 
Now, we will give a basi survey on subsemigroups and
some of their appliations in quantum ontrol.
II. FUNDAMENTALS OF LIE
SUBSEMIGROUPS AND REACHABLE SETS
A. Lie Subsemigroups
For the following basi denitions and results on Lie
subsemigroups we refer to [24, 27, 52, 53, 54℄. However,
the reader should be aware of the fat that the termi-
nology in this area is sometimes inonsistent. Here, we
primarily adopt the notions used in [27℄. For further
reading we also reommend [36℄.
A subsemigroup of a (matrix) Lie group G with Lie
algebra g is a subset S ⊂ G whih ontains the unity 1l
and is losed under multipliation, i.e. S · S ⊆ S. The
largest subgroup ontained in S is denoted by E(S) :=
S ∩ S−1. The tangent one of S is dened as
L(S) := {γ˙(0) | γ(0) = 1l, γ(t) ∈ S, t ≥ 0} ⊂ g,
where γ : [0,∞) → G denotes any smooth urve on-
tained in S. In order to relate subsemigroups to their
tangent ones, we need some further terminology from
onvex analysis. A losed onvex one w of a nite di-
mensional real vetor spae is alled a wedge.
Moreover, a wedge w in a Lie algebra g is termed a Lie
semialgebra if the wedge w is loally ompatible with the
Baker-Campbell-Hausdor (bh) multipliationX∗Y :=
X + Y + 12 [X,Y ] + . . . , dened via the bh series. More
preisely, there has to be an open bh neighbourhood
B ⊂ g of 0 suh that w is loally invariant under ∗, i.e.
(w ∩B) ∗ (w ∩B) ⊆ w. (2)
For a thorough treatment of the bh multipliation and
Lie semialgebras see [24, 25℄.
The edge of w denoted by E(w) is the largest subspae
ontained in w, i.e. one has E(w) := w∩ (−w). Finally, a
wedge w of a nite dimensional real (matrix) Lie algebra
g is alled a Lie wedge if it is invariant under the group
3of inner automorphisms Inn(w) := 〈exp(adE(w))〉. More
preisely,
eadg (w) := eg w e−g = w
for all g ∈ E(w). Here and in the sequel, we denote by
〈M〉 and 〈M〉S the group and, respetively, semigroup
generated by the subset M ⊂G.
Remark II.1. While every Lie semialgebra is also a Lie
wedge, the onverse does in general not hold, as will be of
importane in the paragraph on divisibility in Se. II C.
Now, the fundamental properties of the tangent one
L(S) an be summarised as follows.
Lemma II.1. Let S be a losed subsemigroup of a Lie
group G with Lie algebra g and let w ⊂ g be any Lie
wedge. Then the following statements are satised.
(a) The edge of w, E(w), arries the struture of a Lie
subalgebra of g.
(b) The tangent one L(S) oinides with
L(S) = {g ∈ g | exp(tg) ∈ S for all t ≥ 0}. (3)
In partiular, L(S) is a Lie wedge of g whih is
AdE(S)-invariant, i.e. GwG
−1 = w for all G ∈
E(S).
() The edge of L(S) fullls the equality E(L(S)) =
L(E(S)).
Proof.
(a) Note that et adg (h) ∈ E(w) for all t ∈ R and g, h ∈
E(w). Hene
d
dt
et adg (h)
∣∣
t=0
= adg h ∈ E(w)
for all g, h ∈ E(w), thus E(w) is a Lie subalgebra.
(b) The proof of Eqn. (3) is rather tehnial and there-
fore we refer to [24℄, Proposition IV.1.21. One
Eqn. (3) is established, one has
L(S) =
⋂
t>0
t−1 exp−1(S)
and thus the ontinuity of the exponential map im-
plies that L(S) is losed. To see that L(S) is a
wedge we have to show: (i) µL(S) = L(S) for all
µ ∈ R+ and (ii) L(S) + L(S) ⊂ L(S). Property
(i) is obvious; property (ii) follows by the Trotter
produt formula
et(g+h) = lim
n→∞
(
etg/neth/n
)n
.
Finally, let g ∈ E(L(S)) and h ∈ L(S), then
egethe−g = exp
(
t eg h e−g
)
∈ S
for all t ≥ 0. Thus eghe−g = eadg(h) ∈ L(S). The
same argument applies to G ∈ E(S).
() Let g ∈ E(L(S)). Then etg ∈ S for all t ∈ R. Thus
etg ∈ E(S) and hene g ∈ L(E(S)). Therefore,
we have shown E(L(S)) ⊂ L(E(S)). The onverse,
L(E(S)) ⊂ E(L(S)), holds by denition.
For more details, see Proposition 1.14 in [27℄. 
For losed subsemigroups, Lemma II.1 provides the
justiation to all the tangent one L(S) Lie- or Lie-
Loewner wedge of S.
Unfortunately, the `loal-global-orrespondene' be-
tween Lie wedges and (losed) onneted subsemigroups
is not as simple as the orrespondene between Lie sub-
algebras and Lie subgroups. On the one hand, there are
Lie wedgesw suh that `the' orresponding subsemigroup
S is not unique, i.e. the equality w = L(S) holds for more
than one subsemigroup S. On the other hand, there are
Lie wedges w whih do not at as Lie wedge of any sub-
semigroup, i.e. w = L(S) fails for eah subsemigroup S,
f. [27℄.
Another subtlety in the theory of semigroups arises
from the fat that there may exist elements in S that are
arbitrarily lose to the unity but do not belong to any
one-parameter semigroup ompletely ontained in S (a
standard example being a ertain subsemigroup of the
Heisenberg group [24, 29℄). This somewhat striking fea-
ture arises whenever the bh multipliation leads outside
the Lie wedge L(S). It does not our as soon as L(S)
also arries the struture of a Lie semialgebra, f. The-
orem II.2 below. In general, however, the exponential
map of a zero-neighbourhood in L(S) need not give a
1l-neighbourhood in the semigroup.
Meanwhile, the following terminology is well-
established [29, 55℄: a set E ∈ G is alled exponential
if to eah element T ∈ E there exists a Lie algebra
element g ∈ g suh that exp(g) = T and exp(tg) ∈ E
for all t ∈ [0, 1]. Now, let S be a losed subsemi-
group of a Lie group G with Lie wedge L(S) and let
〈expL(S)〉S := {e
g1 · · · egn | gi ∈ L(S), n ∈ N} be the
subsemigroup generated by expL(S) ⊂ G. Then
(i) S is alled Lie subsemigroup if it is haraterised
by the equality S = 〈expL(S)〉S ;
(ii) S is alled weakly exponential if expL(S) is dense
in S, i.e., if S = expL(S);
(iii) S is alled exponential if the set S is exponential in
the above sense, i.e., if S = expL(S);
(iv) S is alled loally exponential if there exists a
1l-neighbourhood basis with respet to S onsisting
of exponential subsets.
The inlusions expL(S) ⊂ expL(S) ⊂ 〈expL(S)〉S are
obvious. A Lie wedge w is said to be global in G if there
exists a Lie subsemigroup S ⊂ G so that L(S) = w, i.e.
S = 〈exp(w)〉S .
4Remark II.2. For the sake of ompleteness note that
the term Lie subsemigroup is losely related (with subtle
distintions) to the notions of (ompletely or stritly) in-
nitesimally generated subsemigroups, whih will not be
pursued here any further, f. [24℄.
B. The Redutive and the Compat Case
Based on the lassial Cartan deomposition of redu-
tive Lie groups [56℄, we reformulate a known result on
the existene of global Lie wedgesa setting whih does
arise in open quantum systems, f. Theorem III.5 and
Corollary III.6 below. We do so by stating a onvenient
version of a more general result, f. Theorem V.4.57 and
Remark V.4.60 in [24℄, streamlined here in view of pra-
tial appliation.
Theorem II.1. Let G be a losed onneted (matrix)
Lie group whih is stable under the onjugate transpose
inverse, i.e. whih is invariant under the involution Θ :
X 7→ (X−1)†. Let g = k ⊕ p be the deomposition of its
Lie algebra into +1 and −1 eigenspaes of the involution
DΘ(1l) =: θ : X 7→ −X†. Then
(a) the map p×K→ G, (p,K) 7→ exp(p)K with K :=
〈exp k〉 is a dieomorphism onto G;
(b) the set S := exp(c) ·K is a Lie subsemigroup with
L(S) = c ⊕ k, provided c ⊂ p is a losed pointed
one, i.e. E(c) = {0}.
Proof. Combining Proposition 7.14 in [56℄ with the
proof of Theorem V.4.57 in [24℄, the result follows. 
Fortunately, the somewhat intriate general senario
just outlined simplies dramatially when onsidering
ompat Lie subsemigroups.
Proposition II.1. [24, 36℄. Let S be a ompat sub-
semigroup of a Lie group G. Then S itself is a ompat
Lie subgroup of G.
C. Divisibility and Loal Divisibility in Semigroups
Here, we briey summarise some results on divisibility
in semigroups that will be useful in Setion III C when
relating them to reent ndings by Wolf et al. on the
divisibility of quantum hannels.
For semigroups, there is the following well-established
notion of divisibility [24, 57℄: a subset ofD ⊂ G is termed
divisible, if eah element T ∈ D has roots of any order
in D, i.e. to any r ∈ N there is an element S ∈ D with
Sr = T . Similarly, a semigroup S is alled loally divisi-
ble, if there is a 1l-neighbourhood basis in S onsisting of
divisible subsets.
For linking global and loal notions of divisibility with
exponential semigroups, Lie semialgebras play a ruial
role. Here we start with some basi results before sketh-
ing what beame known as `the divisibility problem'. For
details see the literature given in Further Notes and Ref-
erenes below.
Proposition II.2. [24℄ A losed subsemigroup S of a
onneted Lie group G is divisible if and only if it is
exponential, i.e. expL(S) = S.
Proof. If S = expL(S), then S is trivially divisible.
The onverse is already more tehnial to show and we
refer to Theorem V.6.5 in [24℄. 
Theorem II.2. For a losed semigroup S the following
assertions are equivalent:
(a) the Lie wedge of S is a Lie semialgebra;
(b) S is loally exponential;
() S is loally divisible.
Proof. For the equivalene (a)⇐⇒ (c) see [32℄ Corol-
lary 3.18 as well as [24℄ Propositions IV.1.31-32 and Re-
mark IV.1.14. While the impliation (b) =⇒ (c) is trivial,
(a) =⇒ (b) follows by [32℄ Proposition 3.17(a). For a sim-
ilar result on Lie semigroups see also [26℄ Theorem III.9
and III.21. 
The diulty to go beyond the straightforward results
just mentioned made the following losely related ques-
tions notorious as `the divisibility problem' [24, 29, 57℄:
(i) Is the Lie wedge w = L(S) of a losed divisible
i.e. exponential semigroup also a Lie semialgebra?
(ii) When does (global) divisibility imply loal divisi-
bility?
These problems were open for several years until settled
in the sterling monography by Hofmann and Ruppert in
1997 [29℄, where all Lie groups and subsemigroups with
surjetive exponential map are lassied.  For studying
loal divisibility in the onneted omponent of the unity
in more detail (and in view of follow-up work), some of
its main results an be summerised as follows.
Theorem II.3. [29℄ Let G be a onneted Lie group
ontaining a weakly exponential subsemigroup S with Lie
wedge w = L(S). If S is losed and has non-empty inte-
rior in G and its only normal subgroup is 1l ∈ G, then
(a) S is divisible (exponential), i.e., expL(S) = S;
(b) its Lie wedge w = L(S) is a Lie semialgebra; thus
() S is also loally divisible (loally exponential).
Proof. For (a) see Theorem 7.3.1 and Sholium 7.3.2
in [29℄ (p 132) lifting Eggert's work [25℄ on Lie semialge-
bras to redued weakly exponential subsemigroups thus
leading to Theorem 8.2.14 in [29℄ (p 152); assertion (b) is
Theorem 8.2.1(v) in [29℄ (p 145); nally () follows from
(b) by virtue of Theorem II.2 above. 
5Further Notes and Referenes.  A (somewhat jerry-
built) primer on divisible semigroups inluding an a-
ount of earlier results and problems an be found in
[57℄, while the urrent status is doumented in [29℄. A
broad overview on historial aspets of a Lie theory of
semigroups is given in [58, 59℄. Ultimately, readers inter-
ested in links to Hilbert's Fifth Problem and topologial
semigroups are referred to [60℄.
D. Reahable Sets
Let (Σ) be a right invariant ontrol system
X˙ = AuX, Au ∈ g, u ∈ U ⊂ Rm (4)
on a onneted Lie group G with Lie algebra g and let
s ⊂ g denote its system Lie algebra, i.e. s := 〈Au | u ∈
U〉Lie is by deniton the Lie subalgebra generated by Au,
u ∈ U . The reahable set Reach(X0) of (Σ) is dened
as the set of all X ∈ G that an be reahed from X0
by an admissible ontrol funtion u(t). More preisely,
let Xu(t) denote the unique solution of Eqn. (4) whih
orresponds to the ontrol u(t). Then
Reach(X0) :=
⋃
T≥0
Reach(X0, T )
with
Reach(X0, T ) := {Xu(T ) ∈ G | T ≥ 0, u(t) ∈ U}. (5)
Moreover, (Σ) is alled aessible, if Reach(X0) has non-
empty interior in G for all X0 ∈ G, and ontrollable, if
Reach(X0) = G for all X0 ∈ G. For more details on
the ontrol theoreti terminology and setting we refer to,
e.g., [14, 31, 61℄. Now, in the following series of results the
relation between reahable sets of right invariant ontrol
systems and subsemigroups will be laried.
Theorem II.4. [14, 36℄. Let (Σ) be a right invariant
ontrol system on G given by Eqn. (4). Then the follow-
ing statements are equivalent:
(a) The system (Σ) is aessible.
(b) The reahable set Reach(1l) is a subsemigroup of G
with non-empty interior.
() The entire Lie algebra g of G is generated by
Au, u ∈ U , i.e. s = g.
Theorem II.5. [36℄. Let (Σ) be a right invariant ontrol
system on a onneted Lie group G given by Eqn. (4)
and assume that (Σ) is aessible, i.e. s = g. Then the
following statements are satised:
(a) The losure of the reahable set Reach(1l) is a Lie
subsemigroup of G, i.e.
S = 〈expL(S)〉S
where S := Reach(1l). Moreover,
intS = int
(
Reach(1l)
)
,
and
S = Reache(1l), (6)
where Reache(1l) denotes the reahable set of the so-
alled extended system, i.e. the system where Au is
allowed to range over the entire Lie wedge L(S).
(b) The set L(S) is the largest subset of g satisfying (6)
and, moreover, it is the smallest Lie wedge whih
is global in G and ontains Au, u ∈ U .
In ontrol theory, due to the haraterisation given in
part (b) of Theorem II.5, the Lie wedge L(S) is usually
known as the Lie saturate of Au, u ∈ U , see, e.g., [30, 31,
62℄. Conversely, one has the following result.
Theorem II.6. [36℄. Let G be a onneted Lie group
and let S be a Lie subsemigroup of G. Then, there exists
a right-invariant ontrol system (Σ) on G with ontrol
set {Au |u ∈ U} ⊂ g suh that
S := Reach(1l).
In partiular, one may hoose {Au | u ∈ U} = L(S).
Finally, we summarise some well-known neessary and
suient ontrollability onditions for right invariant
ontrol systems. While the rst riterion is rather di-
ult to hek, as the omputation of the global Lie wedge
orresponding to a given ontrol set Au is in general an
unsolved problem, the seond one provides a simple al-
gebrai test for ompat Lie groups, f. Proposition II.1.
Corollary II.1. Let (Σ) be an aessible right invariant
ontrol system on a onneted Lie group G, i.e. s = g.
Then the following statements are equivalent:
(a) The system (Σ) is ontrollable.
(b) The Lie wedge of Reach(1l) is all of g.
Proof. The impliation (a) =⇒ (b) is trivial; the on-
verse (b) =⇒ (a) follows from Theorem II.4(b) and The-
orem II.5(a), f. [36℄. 
Corollary II.2. [13, 14℄. Let (Σ) be a right invari-
ant ontrol system on a onneted ompat Lie group G.
Then ontrollability of (Σ) is equivalent to aessibility,
i.e. to s = g.
Remark II.3. If the assumption s = g in Theorem II.5
and Corollary II.1 is not fullled, the above results, how-
ever, still remain valid when restriting to the unique Lie
group G0 := 〈exp s〉.
6III. DEVELOPMENTS IN VIEW OF
APPLICATIONS TO QUANTUM CONTROL
A. Reahable Sets of Closed Quantum Systems
An appliation of Corollary II.2 to losed nite-
dimensional quantum systems, e.g., n spin- 12 qubit sys-
tems with possibly non-onneted spin-spin interation
graph yields an expliit haraterisation of their reah-
able sets. The same result based on a skethy ontrolla-
bility argument an be found in [63℄.
Theorem III.1. Assume that the spin-spin interation
graph, whih orresponds to the ontrolled n spin- 12 sys-
tem
U˙ = −i
(
Hd +
n∑
k=1
α∈{x,y}
ukHk,α
)
U (7)
with Hd :=
∑
k<l Jklσk,zσl,z and Hk,α := σk,α, α ∈
{x, y}, deomposes into r onneted omponents with nj
verties in the j-th omponent. Then, the reahable set
Reach(1l2n) of Eqn. (7) is given (up to renumbering) by
the Kroneker produt SU(2n1)⊗ · · · ⊗ SU(2nr).
Proof. Suppose that the spin-
1
2 partiles of the system
are numbered suh that the rst omponent of the graph
ontains the verties 1, . . . , n1, the seond one the verties
n1 + 1, . . . , n1 + n2 and so on. Thus n = n1 + · · · + nr.
Then, it is straightforward to show that the system Lie
algebra is equal to the Lie algebra of G0 := SU(2
n1) ⊗
· · ·⊗SU(2nr) f. [63℄. Therefore, we an onsider Eqn. (7)
as a ontrol system on G0. Sine G0 is a losed subgroup
of SU(2n), it is ompat and thus Corollary II.2 applied
to G0 yields the desired result. 
Heneforth read N := 2n for n spin- 12 qubits.  Note
that the same line of argument as above applies to the
modied ontrol term disussed in [63℄.
B. Open Quantum Systems and Completely
Positive Semigroups
In open relaxative quantum systems [23, 64, 65, 66, 67℄
however, the situation is dierent beause relaxation
translates into `ontration'. Thus the dynamis on den-
sity operators is no longer desribed by the ation of a
ompat unitary Lie group as before.
Moreover, we use the following short-hand for the total
Hamiltonian
Hu := Hd +
∑
j
ujHj , (8)
where uj and Hj denote possibly time dependent ontrol
amplitudes and time-independent ontrol Hamiltonians,
respetively. Now, we onsider a nite dimensional on-
trolled Master equation of motion
ρ˙ = −i adHu(ρ)− Γ(ρ) = −Lu(ρ), u ∈ U ⊂ R
m
(9)
on the set of density operators
pos1(N) := {ρ ∈ gl(N,C) | ρ = ρ
†, ρ ≥ 0, tr ρ = 1}
modelling a nite dimensional relaxative quantum sys-
tem. Here, adHu denotes the adjoint operator,
i.e. adHu(ρ) := [Hu, ρ], and −Γ represents the innitesi-
mal generator of a semigroup {exp(−tΓ) | t ≥ 0} of linear
trae- and positivity-preserving (super-)operators [100℄.
Clearly, Lu and thus Eqn. (9) extend to the vetor spae
of all Hermitian matries
her(N) := {H ∈ gl(N,C) | H = H†}.
Now it makes sense to ask for the self-adjointness of
Γ with respet to the Hilbert-Shmidt inner produt
〈H1, H2〉 := tr(H1H2) on her(N). Unfortunately, Γ need
not be self-adjoint, yet it is self-adjoint, e.g., if it an be
written in double-ommutator form, f. Eqn. (22).
Moreover, sine the ow of Eqn. (9) is trae preserving,
the image of Γ is ontained in the spae of all traeless
Hermitian matries
her0(N) := {H ∈ gl(N,C) | H = H
†, trH = 0}.
Therefore, the restrition of Γ|her0(N) yields an opera-
tor from her0(N) to itself and thus Eqn. (9) an also
be regarded as an equation on her0(N). To distinguish
these two interpretations of Eqn. (9), we all the latter
homogeneous Master equation [101℄. Note that the ho-
mogeneous Master equation ompletely haraterises the
dynamis of the open system, one an equilibrium state
ρ∗ of Eqn. (9) is known. More preisely, if Lu(ρ∗) = 0
for all u ∈ Rm (e.g., hoose ρ∗ = 1N 1lN for unital equa-
tions) the dynamis of ρ0 := ρ − ρ∗ is desribed by the
homogeneous Master equation. Finally, we assoiate to
Eqn. (9) a lifted Master equation
X˙ = −Lu ◦X, X(0) = id (10)
on GL(her(N)) and GL(her0(N)), respetively. Equation
(10) will play a key role in the subsequent subsemigroup
approah.
For a onstant ontrol u(t) ≡ u, the formal solution of
the lifted Master equation Eqn. (10) is given by Tu(t) :=
exp(−tLu). Thus
{Tu(t) | t ≥ 0 } (11)
yields a one-parameter semigroup of linear operators at-
ing on her(N). Atually, the operators Tu(t) form a on-
tration semigroup of positive and trae preserving linear
operators on her(N) in the sense that
||Tu(t)(A)||1 ≤ ||A||1
for all A ∈ her(N), f. [16, 17℄. Reall that the trae
norm ||A||1 of A ∈ her(N) is given by
||A||1 :=
N∑
i
σi =
N∑
i
|λi| ,
7where σi and λi denote the singular values and eigen-
values of A, respetively. The semigroup (11) is said
to be purity-dereasing if moreover all Tu(t) onstitute
a ontration with respet to the norm indued by the
Hilbert-Shmidt inner produt, i.e. if
〈
Tu(t)(ρ), Tu(t)(ρ)
〉
≤ 〈ρ, ρ〉
holds for all ρ ∈ pos1(N) and all t ≥ 0. In general, Tu(t)
is not purity-dereasing. However, if Γ is in Kossakowski-
Lindblad form, f. Eqn. (13), a neessary and suient
ondition for being purity-dereasing is unitality of ΓL,
i.e. ΓL(1lN ) = 0, f. [68℄. Thus for a unital Kossakowski-
Lindblad term ΓL, the subsemigroup
PΣ := 〈Tu(t) | t ≥ 0, u ∈ U〉S (12)
generated by the one-parameter semigroups (11) is on-
tained in a linear ontration semigroup of a Hilbert
spae.
Remark III.1. Let H be a omplex Hilbert spae with
salar produt 〈·, ·〉. Then the linear ontration semi-
group of H is dened by
C(H) :={T ∈ GL(H) | 〈Tv, T v〉 ≤ 〈v, v〉 for all v ∈ H}.
Note that C0(H)the onneted omponent of the unity
in C(H)is in fat a Lie subsemigroup. This is evident
from the polar deomposition T = PU , beause PU ∈
C(H) with U unitary and P = P † positive denite holds,
if and only if the eigenvalues of P are at most equal to
1. Thus
C0(H) = exp(−c) · U(H) ,
where c denotes the one of all positive semidenite el-
ements in gl(H) and U(H) the orresponding unitary
group. Similarly, one an dene ontration semigroups
for real vetor spaes, f. [27℄.
Next, we briey x the fundamental notion of omplete
positivity for open quantum systems. Reall that a linear
map Tu(t) is ompletely positive, if Tu(t) and all its ex-
tensions of the form Tu(t)⊗ 1lm are positivity-preserving,
i.e.
(
Tu(t)⊗ 1lm
)(
pos1(N ·m)
)
⊂ pos1(N ·m)
for all m ∈ N. Complete positivity of the Markovian
semigroup {Tu(t) | t ≥ 0} is required to guarantee that
{Tu(t) | t ≥ 0} an be assoiated with a Hamiltonian
evolution on a larger Hilbert spae, f. [23, 69, 70℄.
Aording to the elebrated work by Kossakowski [19℄
and Lindblad [20℄, Eqn. (9) generates a one-parameter
semigroup {Tu(t) | t ≥ 0} of linear trae-preserving and
ompletely positive operators, if and only if ΓL an be
written as
1
2
∑
k
V
†
k Vkρ+ ρV
†
k Vk − 2VkρV
†
k =: ΓL(ρ) (13)
with arbitrary omplex matries Vk ∈ gl(N,C). Thus the
Master equation (9) then speialises to the Kossakowski-
Lindblad form
Lu(ρ) := i adHu(ρ) +
1
2
∑
k
V
†
k Vkρ+ ρV
†
k Vk − 2VkρV
†
k .
(14)
Suppose we onsider the omplexiation of her(N),
i.e. the omplex vetor spae
her(N)C = gl(N,C) = CN×N ∼= CN
2
.
By extending the linear operators adHu ,ΓL ∈ gl(her(N))
to Ĥu, Γ̂L : CN
2
→ CN
2
one arrives at the superoperator
representations
Ĥu := 1lN⊗Hu −H
⊤
u ⊗1lN and (15)
Γ̂L :=
1
2
N2∑
k=1
1lN⊗V
†
k Vk + V
⊤
k V
∗
k ⊗1lN− 2V
∗
k ⊗Vk , (16)
where Ĥu, Γ̂L ∈ gl(N
2,C) are N2 × N2 omplex matri-
es. In partiular, if ΓL is self-adjoint, the orrespond-
ing matrix representation Γ̂L ∈ gl(N
2,C) is Hermitian.
Moreover, note that the matrix representation Γ̂L on-
tains some redundanies on gl(N2,C) sine the original
ΓL operates on the real vetor spae her(N) whih has
obviously smaller (real) dimension than CN
2
. Viewed in
this way, note that Γ̂L is not the same as the matrix
representation of ΓL in the oherene-vetor formalism.
See [64℄ for an introdution on oherene vetors in open
systems and [71℄ for a reent haraterisation of positive
semideniteness in terms of Casimir invariants. More ge-
ometri features an be found in [72℄.
Now, the previous semigroup theory allows to interpret
the Kossakowski-Lindblad master equation in terms of a
Lie wedge ondition. We dene P to be the semigroup of
all positive, trae preserving invertible linear operators
on her(N), i.e.
P :=
{
T ∈ GL
(
her(N)
) ∣∣ T · pos1(N) ⊂ pos1(N)}.
and P
cp
to be the losed subsemigroup of all ompletely
positive ones, i.e.
P
cp := {T ∈ P | T ompletely positive} ( P.
Then, P0 and P
cp
0 denote the orresponding onneted
omponents of the unity. Moreover, an arbitrary linear
trae preserving ompletely positive, not neessarily in-
vertible operator on her(N) is usually alled a quantum
hannel. Thus in terms of quantum hannels, P
cp
is the
set of all invertible quantum hannels. Now, a key-result
by Kossakowski and Lindblad an be formulated as fol-
lows.
Theorem III.2. (Kossakowski, Lindblad [19, 20℄)
The Lie wedge L(Pcp0 ) is given by the set of all linear
operators −L of the form L := i adH +ΓL, where ΓL is
dened by Eqn.(13).
8While the nite-dimensional version of Theorem III.2
stated above was originally proven by Gorini, Kos-
sakowski and Sudarshan [19℄, at the same time Lind-
blad [20℄ handled the expliitly innite-dimesional ase
of a norm (uniform) ontinuous semigroup of ompletely
positive operators ating on a W ∗-algebra. (Note that
Kossakowski-Lindblad-type equations with time depen-
dent oeients were analysed, e.g., by [73℄ or [74℄.)
For proving Theorem III.2, a former, atually innite-
dimensional result by Kossakowski [16℄ on one-parameter
semigroups of positive (not neessarily ompletely pos-
itive) operators on trae-lass operators B1(H) and
their innitesimal generators was reast into a nite-
dimensional setting in [19℄. Although Kossakowski and
Lindblad exploited dierent methods from funtional
analysis, a ruial point in both papers [16℄ and [20℄ is
the theory of dissipative semigroups on Banah spaes,
f. Lumer and Phillips [75℄.
Yet in the ontext of nite-dimensional Lie semigroups,
the same results now show up as a onsequene of a more
general invariane theorem for onvex ones: roughly
spoken the innitesimal generator of a one-parameter
semigroup leaving a xed onvex one invariant is har-
aterised via its values at the extreme points of the one,
f. Theorem I.5.27 in [24℄. In partiular, Kossakowski's
work [16℄ on one-parameter semigroups of positive oper-
ators then turns out to be a speial appliation of the
afore-mentioned invariane theorem to the onvex one
of all positive semidenite N ×N -matries
pos(N) := {H ∈ her(N) | H ≥ 0} .
Likewise, Theorem III.2 an be obtained by the invari-
ane theorem applied to the one pos(N2), one the
equivalene of omplete positivity of exp(−tL) and posi-
tivity of exp(−tL⊗ IN ) is established, f. [19℄. For more
details see [76℄.
C. Lie Properties of Semigroups versus
Markov Properties of Quantum Channels
Reall the notation P
cp
for the losed semigroup of
all ompletely positive invertible maps, whose onneted
omponent of the unity is termed P
cp
0 . Having derived
the Lie wedge of P
cp
0 , the issue of its globality naturally
emerges. Sine P
cp
0 is losed in GL(her(N)), an arma-
tive answer to this problem is obtained by Proposition
V.1.14 in [24℄.
Theorem III.3. The semigroup
T :=
〈
exp
(
L(Pcp0 )
)〉
S
⊆ Pcp0 (17)
generated by L(Pcp0 ) is a Lie subsemigroup with the Lie
wedge L(T) = L(Pcp0 ). In partiular, L(P
cp
0 ) is a global
Lie wedge.
Ultimately, the question arises whether P
cp
0 is itself a
Lie subsemigroup in the sense of Setion II. However, the
identity T = Pcp0 one might surmise is disproven by the
fat that there are indeed invertible quantum hannels T
with detT > 0 that do not belong to the subgroup T,
f. [10, 11℄.
For relating these referenes to our ontext, we have
to establish some of the terminology of Holevo [77℄ and
Wolf et al. [10, 11℄: Similar to our denition in Se-
tion II C, a quantum hannel T is alled (ininitely)
divisible if for all r ∈ N there exists a hannel S suh
that T = Sr. [NB: In stohastis and quantum physis
[10, 11, 77, 78, 79℄ it is long established to use the
term `innitely divisible', whereas in mathematial semi-
group theory it is equally long established to simply say
`divisible' instead (see also Setion II C). This is why
here we use the brakets.℄ In ontrast, a hannel is said
to be innitesimal divisible if for all ε > 0 there is a se-
quene of hannels S1, S2, . . . , Sr suh that ‖Sj − id‖ ≤ ε
and
∏r
j=1 Sj = T . Moreoever, a quantum hannel is
termed time (in)dependent Markovian if it is the solu-
tion of a Master equation X˙ = −L ◦X , with initial on-
dition X(0) = id and time (in)dependent Liouvillian −L
of Kossakowski-Lindblad form. Now, for our purpose the
results in [10, 11℄ an be resumed as follows.
Proposition III.1. [10, 79℄
(a) The set of all time independent Markovian hannels
oinides with the set of all (innitely) divisible and
invertible hannels.
(b) The losure of the set of all time dependent Marko-
vian hannels oinides with the losure of the set
of all innitesimal divisible hannels.
The proof of Proposition III.1 (a) is given in [79℄, part
(b) is preisely Theorem 16 of [10℄. Thus in relation to
the work of Wolf et al. Theorem III.3 reads:
Corollary III.1. The losure of the set of all time de-
pendent Markovian hannels forms the Lie subsemigroup
T dened in (17). Its tangent spae at the unity is given
by the Lie wedge L(Pcp0 ) of all Kossakowski-Lindblad gen-
erators.
However, one also arrives at the nogo result:
Theorem III.4. [10℄ The semigroup P
cp
0 is neither (in-
nitely) divisible nor innitesimal divisible. In partiu-
lar, there are invertible quantum hannels whih are not
innitesimal divisible.
For N = 2, the above assertion is rigorously proven by
Theorem 24 in [10℄. For N > 2, the statement urrently
presupposes one may extrapolate from the numerial re-
sults (also for N = 2) in [11℄.
Now, from Theorem III.4 we onlude:
Corollary III.2. P
cp
0 itself is not a Lie subsemigroup.
Yet in partiular the semigroup P
cp
of all invertible quan-
tum hannels is made of three subsets, all of whih also
our in the onneted omponent P
cp
0 :
9(a) the set of time independent Markovian hannels
whih is given by denition as the union of all one-
parameter Lie semigroups {exp(−Lt) | t ≥ 0} with
−L in Kossakowski-Lindblad form;
(b) the losure of the set of time dependent Markovian
hannels whih oinides with the Lie semigroup T
dened by (17) ;
() besides, there is a set of non-Markovian hannels
(i.e. neither time independent nor time dependent
Markovian) whose intersetion with P
cp
0 has non-
empty interior.
Clearly, Markovian hannels of type (a) are a speial
ase of type (b) and (a) is even a proper subset of (b),
sine T is not exponential [102℄. There are also quantum
hannels with detT ≤ 0 [10℄, but they an only our out-
side the onneted omponent P
cp
0 , and thus they are ob-
viously non-Markovian. The geometry of non-Markovian
hannels seems to be well-understood in the single-qubit
ase (N = 2), yet remains to be analysed in full detail
for larger N .
Corollary III.3. (a) The semigroup P
cp
0 is neither lo-
ally divisible nor loally exponential.
(b) The Lie wedge L(Pcp0 ) of all Kossakowski-Lindblad
generators does not form a Lie semialgebra.
Proof. Again, for N = 2, part (a) follows from The-
orem 24 in [10℄. For N > 2, the assertion extrapolates
from the numerial results in [11℄. Part (b) is an imme-
diate onsequene of part (a) and Theorem II.2. 
Now, the distintion between Lie wedge and Lie-
semialgebra struture an be exploited to separate be-
tween time dependent Markovian quantum hannels and
time independent ones. In general, this separation is
rather deliate. Clearly, as soon as a time dependent
hannel T has a representation of the form T =
∏r
j=1 Sj
suh that the S1, S2, . . . , Sr generate an exponential Lie
semigroup, then T is atually time independent. Though
almost a tautology, this statement is quite diult to
hek and therefore an (innitesimal) ondition that is
easier to verify is most desirable. The following orol-
lary is meant as a rst result in this diretionwith the
shortoming that it applies to hannels lose to unity.
Corollary III.4. Let T be a time dependent Markovian
hannel that allows for a representation T =
∏r
j=1 Sj
with S1 = e
−L1 , S2 = e
−L2 , . . . , Sr = e
−Lr
and where
wr denotes the smallest global Lie wedge generated by
L1,L2, . . . ,Lr. Then
(a) T boils down to a time independent Markovian
hannel, if it is suently lose to the unity and if
there is a representation so that the assoiated Lie
wedge wr also arries Lie-semialgebra struture;
(b) onversely, if T is a time independent Markovian
hannel, a representation with wr being a Lie semi-
algebra trivially exists.
Proof. The result follows by the same line of argu-
ments as Corollary III.5 below. 
Thus in summary three eluidating results have
emerged: (i) the set of all time dependent Markovian
quantum hannels forms a Lie subsemigroup T and (ii) its
Lie wedge oinides with with the set of all Kossakowski-
Lindblad operators: it is the Lie wedge to the subsemi-
group P
cp
0 of all invertible quantum maps. Moreover,
(iii) the border from time dependent to time indepen-
dent Markovian quantum hannels is haraterised by the
existene of an assoiated Lie wedge that speialises to
Lie-semialgebra struture.
D. Eetive Liouvillians
In physial appliations a frequent task amounts to
desribing the evolution of a ontrolled Master equation
X˙ = −Lu ◦X, u ∈ U ⊂ Rm, (18)
f. Eqns. (4, 9) with Lu in Kossakowski-Lindblad from
Eqn. (14), by an appropriate one-parameter semigroup.
More preisely, given an admissible time dependent on-
trol u(t) ∈ U and a nal time teff > 0 one is inter-
ested in an eetive time-independent Liouvillian Leff
suh that the two time evolutions oinide at teff > 0,
i.e. Tu(t)(teff) = e
−teffLeff
. This is a natural extension
from average Hamiltonian theory of losed systems to
average Liouvillians of open ones [80, 81, 82, 83℄.
Now, Lie-semigroup theory provides a useful frame-
work to settle the question under whih onditions not
only the nal point e−teffLeff , but also the entire traje-
tory {e−tLeff |0 ≤ t ≤ teff} up to the nal point omplies
with the Master equation (18) dening the physis of the
system.
Corollary III.5. Given a Master equation (18) and the
smallest global Lie wedge w generated by the set of on-
trols {−Lu |u ∈ U ⊂ Rm}, f. Theorem II.4. Then the
following assertions are equivalent:
(a) The Lie wedge w also is a Lie semialgebra.
(b) Any solution of (18) oinides at least loally,
i.e. for suiently small t > 0 with some one-
parameter semigroup generated by an eetive Li-
ouvillian Leff ∈ w.
Proof. Follows from the fat that the Lie semigroup
〈expw〉S is loally exponential if and only if its Lie wedge
is a Lie semialgebra, f. Theorem II.2. 
Only if the eetive Liouvillian is guaranteed to remain
within the Lie wedge w assoiated to the ontrolled Mas-
ter equation (18) then it generates a one-parameter semi-
group {e−tLeff | t ≥ 0} that an be onsidered `physial'
at all times t > 0. Otherwise, the physial validity of the
time evolution desribed by the semigroup {e−tLeff |t ≥ 0}
is in general limited to a set of disrete times (inluding
t = 0 and t = teff).
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E. Controllability Aspets of Open Quantum
Systems
Strutural Preliminaries
Studying reahable sets of open quantum systems sub-
jet to a ontrolled Hamiltionian, f. Eqn. (19) below,
is intriate, as will be evident already in the following
simple senario: onsider a Master equation in the su-
peroperator form
vec ρ˙ = −(i
∑
j
Ĥj + Γ̂L) vec ρ ,
where the iĤj are skew-Hermitian, while Γ̂L shall be Her-
mitian. Thus they respet the standard Cartan deompo-
sition of gl(N2,C) := k⊕ p into skew-Hermitian matries
(k) and Hermitian matries (p). Then the usual ommu-
tator relations [k, k] ⊆ k, [p, p] ⊆ k, [k, p] ⊆ p suggest that
double ommutators of the form
[
[Ĥj , Γ̂L], [Ĥk, Γ̂L]
]
generate new k-diretions in the system Lie algebra as
will be desribed below in more detail.
For the moment note on a general sale that suh on-
trolled open systems thus fail to omply with the stan-
dard notions of ontrollability: not only does this hold
for operator ontrollability of the lifted system but also
for usual ontrollability on the set of all density opera-
tors, f. [37, 38℄. Hene it is natural to ask for weaker
ontrollability onepts in open systems.
For simpliity, we onne the subsequent onsidera-
tions to unital systems of Kossakowski-Lindblad form,
i.e. ΓL(1lN ) = 0, as their dynamis is ompletely de-
sribed by the homogeneous Master equation
ρ˙ = −i adHu(ρ)− ΓL(ρ) = −Lu(ρ) (19)
on her0(N) and its lift
X˙ = −Lu ◦X (20)
to GL(her0(N)). Here the ontrolled Hamiltionian takes
the form of Eqn. (8) with Hd and Hj in su(N) and no
bounds on the ontrols uj ∈ R. Thus the semigroup PΣ
given by Eqn. (20) will be regarded as a subsemigroup
of GL(her0(N)) in the sequel. Alternatively, by the pre-
viously introdued superoperator representation, we an
think of PΣ as embedded in GL(N
2,C).
If, in the absene of relaxation, the Hamiltonian system
is fully ontrollable, we have
〈iHd, iHj | j = 1, . . . ,m〉Lie = su(N) , (21)
or, equivalently,
〈iĤd, iĤj | j = 1, . . . ,m〉Lie = psu(N) ⊂ su(N
2) ,
where we envisage psu(N) to be represented as Lie
subalgebra of su(N2) given by all maties of the form
i(1l ⊗H −H⊤ ⊗ 1l) with iH ∈ su(N). Master equations
whih satisfy Eqn. (21) are expeted to be generially
aessible, i.e. their system Lie algebras generially meet
the ondition
〈i adHd +ΓL, i adHj | j = 1, 2, . . . ,m〉Lie = gl(her0(N)) ,
f. [38, 76, 84℄. Here, the system Lie algebra of the ontrol
system (f. Setion IID) is not to be misunderstood as
its Lie wedge, whih in general is but a proper subset of
the system Lie algebra.
The group generated by Eqn. (20) therefore gener-
ially oinides with GL(her0(N)). Thus already the
oherent part of the open system's dynamis, i.e. the
`orthogonal part' of the polar deomposition of elements
in PΣ, has to be embedded into a larger orthogonal
(unitary) group than of the same system being losed,
i.e. when ΓL = 0. This an easily be seen if the Master
equation (19) speialises so that the respetive matrix
representations iĤj for i adHj are skew-Hermitian, while
Γ̂L is Hermitian. For instane, this is the ase in the
simple double-ommutator form
ρ˙ = −
(
i adHu +
1
2
∑
k
ad2Vk
)
(ρ) .
(22)
It exemplies the details why iterated ommutators
like
[
[Ĥj , Γ̂L], [Ĥk, Γ̂L]
]
typially generate new skew-
Hermitian diretions in the system Lie algebra of
Eqn. (20). This holds a forteriori ifas heneforth
we allow for general Kossakowski-Lindblad generators no
longer onned to be in double-ommutator form (22).
We an therefore summarise the above onsiderations as
follows.
Resume. In open quantum systems that are fully on-
trollable for ΓL = 0, one nds:
1. Only if ΓL|her
0
(N)) ats as salar γ1l and thus
[iHj ,ΓL] = 0 for all j, the open dynamis is on-
ned to the ontration semigroup (0, 1]·AdSU(N) of
the unitary adjoint group AdSU(N). Moreover, the
ontrative relaxative part and the oherent Hamil-
tonian part are independent in the sense that their
interferene does not generate new diretions in the
Lie algebra.
2. Yet in the generi ase, the open systems' dynam-
is explore a semigroup larger than the ontration
semigroup of the unitary part AdSU(N) of the losed
analogue.
Thus for an explorative overview, the task is three-fold:
(i) nd the system Lie algebra
sopen := 〈i adHd +ΓL, i adHj 〉Lie ; (23)
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(ii) if sopen = gl(her0(N)) already (as will turn out to
be the ase in most of the physial appliations with
generi relaxative parts ΓL), then the dynamis of
the entire open system takes the form of a on-
tration semigroup ontained in GL(her0(N)); the
relaxative part interferes with the oherent Hamil-
tonian part generating new diretions in the Lie
algebra, where the geometry of the interplay deter-
mines the set of explored states;
(iii) in the (physially rare) event of sopen $ gl(her0(N))
the system dynamis takes the form of a ontra-
tion semigroup ontained in a proper subgroup of
GL(her0(N)).
Weak Hamiltionian Controllability
As mentioned before, ontrollability notions for open
systems weaker than the standard one are desirable, sine
Eqn. (19) is in general non-ontrollable in the usual sense.
Here, we dene a unital open quantum system to be
Hamiltonian ontrollable (h-ontrollable) if the subgroup
{AdU |U ∈ SU(N)} is ontained in the losure of the
subsemigroup PΣ, i.e.
{AdU |U ∈ SU(N)} ⊂ PΣ.
In onstrast, we will all a system to be weakly Hamil-
tonian ontrollable (wh-ontrollable) if the subgroup
{AdU |U ∈ SU(N)} is ontained in the losure of the
subsemigroup R+ ·PΣ ⊂ GL(her0(N)), i.e.
{AdU |U ∈ SU(N)} ⊂ [1,∞) ·PΣ.
So far, wh-ontrollability has not been studied in the lit-
erature, although it provides a partial answer to the prob-
lem of nding the best approximation to a target density
operator ρF by elements of the reahable set Reach(ρ),
where ρF itself is ontained in the unitary orbit O(ρ).
For establishing a rst basi result on wh-ontrollable
systems, the subalgebras generated by the ontrols terms
kc := 〈iH1, . . . , iHm〉Lie
and by the Hamiltionian drift plus ontrols terms
kd := 〈iHd, iH1, . . . , iHm〉Lie
will play an essential role.
Proposition III.2. A unital open quantum system (19)
with the Hamiltonian given by Eqn. (8) is
(a) h-ontrollable, if kc = su(N) and no bounds on the
ontrol amplitutes uj , j = 1, . . . ,m are imposed;
(b) wh-ontrollable, if kd = su(N) and ΓL
∣∣
her
0
(N)
=γ1l
with γ ≥ 0.
Moreover, for U ∈ SU(N), the smallest λ ∈ R+ suh that
AdU ∈ λPΣ is given by e
γT∗(U)
, where T ∗(U) denotes the
optimal time to steer the lifted system given by Eqn. (20)
without relaxation, i.e. for ΓL = 0, from the identity 1l to
AdU . In partiular, for kc = su(N) one has λ = 1 for all
U ∈ SU(N).
Proof. (a) First, suppose kc = su(N). Then, for
ΓL = 0 the fat that we do not assume any bounds on
the ontrols uj ∈ R implies that one an steer from the
identity 1l to any AdU arbitrarily fast. Thus for ΓL 6= 0
a standard ontinuity argument from the theory of ordi-
nary dierential equations shows that one an approxi-
mate AdU up to any auray by elements of PΣ. Thus
h-ontrollability holds.
(b) Suppose kd = su(N) and ΓL
∣∣
her
0
(N)
= γ1l. By Corol-
lary II.2, we obtain ontrollability of {AdU |U ∈ SU(N)}
for ΓL = 0. Therefore, we an hoose a ontrol u(t) whih
steers the identity 1l to AdU in optimal time T
∗(U). Ap-
plying the same ontrol to the system under relaxation
yields a trajetory whih nally arrives at e−γT
∗(U)AdU .
Thuswh-ontrollability holds for λ = eγT
∗(U)
. Moreover,
by the time optimality of T ∗(U) it is guaranteed that
λ = eγT
∗(U)
is the smallest λ ∈ R+ suh that AdU ∈ λPΣ
holds. 
In general, an open quantum system that is fully on-
trollable in the absene of relaxation will not be nees-
sarily wh-ontrollable when inluding relaxation, even
though it may be aessible. A ounterexample showing
this fat for the simplest two-level system and simula-
tions will be provided in [76℄. Establishing neessary and
suient onditions for wh-ontrollability of open quan-
tum systems is therefore an open researh problem. For
unital systems whih are ontrollable in the absene of
relaxation, we do expet that the `ratio' of the Hamilto-
nian and the relaxative drift term ompletely determines
wh-ontrollability.  Finally we will see that additional
assumptions ensuring the preonditions of Theorem II.1
allow for inlusion of the global Lie wedge of Eqn. (19).
Theorem III.5. Assume that the unital Master equation
(19) with the Hamiltonian given by Eqn. (8) fullls the
following ondition: there exists a pointed one c in the
set of all positive semidenite linear operators on her0(N)
suh that
1. ΓL
∣∣
her0(N)
∈ c ;
2. [c, c] ⊂ adsu(N) and [c, adsu(N)] ⊂ c− c ;
3. AdU cAdU−1 ⊂ c for all U ∈ SU(N) .
Then, the Lie subsemigroup PΣ of Eqn. (19) is ontained
in the Lie subsemigroup
exp(−c) · AdSU(N)
with Lie wedge (−c)⊕ adsu(N).
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her0 (N)
r0
Ad ( )SU(N) 0r
Reach ( )r0
her0 (N)
r0
Ad ( )SU(N) 0r
Reach ( )r0
Figure 1: (Colour online) Quantum state-spae manifolds for open relaxative systems shown as subsets of her0(N) with sales
orresponding to the metri indued by the Hilbert-Shmidt salar produt. The entre of the high-dimensional sphere is the
zero-matrix, and the geometry refers to larger systems, e.g., multi-qubit systems with N ≥ 4. If in the absene of relaxation,
the system is fully ontrollable, the reahable set for a xed initial state represented as density operator ρ0 takes the form of
the entire unitary orbit AdSU(N)(ρ0). It serves as a referene and is shown as losed urve in red. In the text we fous on two
dierent senarios of open systems: (a) Dynamis of weakly Hamiltonian ontrollable systems with the Kossakowski-Lindblad
term ating approximately as salar ΓL ≃ γ1l are onned to the subset (marked in blue) of states evolving from ρ0 under the
ation of the ontration semigroup (0, 1] ·AdSU(N). The latter is depited as grey surfae of a `funnel' interseting the surfae
of the high-dimensional sphere in the unitary orbit. Towards the origin, i.e., at long times, the reahable set of wh-ontrollable
systems typially wraps the entire surfae (dark blue portion). (b) In the generi ase when [ΓL,Hν ] 6= 0 (ν = d; 1, 2, . . . ,m),
the dynamis with initial state ρ0 evolves within the volume shown in blue. New diretions due to the interplay of oherent
Hamiltonian evolution and relaxation make the dynamis explore a muh larger state spae than resulting from the simple
ontration semigroup (0, 1] ·AdSU(N), i.e. the surfae in part (a) or even the volume ontained in its interior. The intersetion
(green portion) of the volume Reach(ρ0) with the surfae of the sphere onsists of the set of all states reahable from ρ0 in zero
time or without relaxative loss. This may often ollapse to the single point ρ0 or its loal unitary orbit [85, 86℄.
Proof. By Theorem II.5(b), it is suient to verify
that exp(−c) · AdSU(N) is a Lie subsemigroup with Lie
wedge (−c)⊕ adsu(N). This will be ahieved by applying
Theorem II.1. To this end, we dene g := k ⊕ p with
k := adsu(N) and p := (c − c) + (c − c)
⊤
. Note that
the set c− c onsisting of all dierenes within the one
c oinides with the vetor spae spanned by c. Thus
p is a subspae of gl(her0(N)) whih is invariant under
the involution Λ 7→ −Λ⊤, where Λ⊤ denotes the adjoint
operator of Λ with respet to the Hilbert-Shmidt inner
produt on her0(N). Then, g onstitutes a Lie subal-
gebra of gl(her0(N)) whih is also invariant under the
involution Λ 7→ −Λ⊤. By hoosing an orthogonal basis
in her0(N), this invariane of g translates into a matrix
representation of g whih is stable under X 7→ −X†.
Then Proposition 1.59 in [56℄ implies that g is redu-
tive and thus it deomposes into a diret sum of its en-
tre z and its semi-simple ommutator ideal g0 := [g, g],
i.e. g = z⊕g0. Sine adsu(N), is ontained in g, the entre
z is either trivial or R · 1l. Thus, similar to Corollary 7.10
in [56℄, one an show that G := 〈exp g〉 is a losed on-
neted subgroup of GL(her0(N)). Therefore, Theorem
II.1 applies toG. In partiular, k and p yield the required
eigenspae deomposition of g. Hene we onlude that
exp(−c) · 〈exp k〉 = exp(−c) · AdSU(N) is a Lie subsemi-
group of GL(her0(N)) with Lie wedge (−c) ⊕ adsu(N).
Thus the result follows. 
The previous ndings suggest the following proedure
to ompute or at least to approximate the Lie wedge of
PΣ:
(i) Chek, whether ΓL is self-adjoint (implying pos-
itive semideniteness for ΓL). This is for exam-
ple the ase, if all Vk in Eqn. (13) are Hermitian
or, equivalently, if the Kossakowski-Lindblad term
an be rewritten as a sum of double ommutators,
f. Eqn. (22).
(ii) If (i) holds, nd the smallest one c ontaining ΓL
and satisfying the onditions of Theorem III.5.
Note that the above proedure yields but an outer ap-
proximation of the Lie wedge. In general, further argu-
ments are neessary to obtain equality. For the generi
two-level system in [37℄, however, equality an be proven
as the following result shows.
Corollary III.6. Let (Σ) be a unital h-ontrollable two-
level system with generi Kossakowski-Lindblad term ΓL.
Then, the Lie subsemigroup PΣ oinides with
PΣ = exp(−c) · AdSU(2) ⊂ C0
(
her0(2)
)
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(a) (b)
Figure 2: (Colour online) Steering dynamis of open relaxative systems represented by semigroup ations on a state spae
manifold M : (a) gradient-like method on the reahable set Reach(ρ) itself; admissible diretions are onned to diretions
available in the Lie wedge; (b) optimal ontrol approah as an `impliit method' on the reahable set Reach(ρ) brought about
by a gradient ow on the set of ontrol amplitudes as in Fig. 3 of Ref. [46℄. Note that in (b) the entire trajetory at all points in
time is updated from k 7→ k+1 thus exploring more diretions than in (a), whih may be an advantage over loal gradient-like
methods in open systems.
where c denotes the onvex one
c := conv
{
λΘΓLΘ
⊤ | λ ≥ 0, Θ ∈ AdSU(2)
}
(24)
ontained in the set of all positive semidenite elements
in gl(her0(2)), f. Remark III.1. Here, Θ
⊤
denotes the
adjoint operator of Θ with respet to the Hilbert-Shmidt
inner produt on her0(2). Moreover, the Lie wedge of PΣ
is given by (−c)⊕ adsu(2).
Proof. h-ontrollability of the system implies that
adsu(2) is ontained in L(PΣ). Moreover, for N = 2 it is
known that ΓL
∣∣
her0(2)
is a positive semidenite operator
of gl(her0(2)). Thus Theorem III.5 applied to the one c
given by Eqn. (24) yields PΣ ⊂ exp(−c) · AdSU(2). For
the onverse inlusion, we refer to a standard onvexity
result on Lie saturated systems, f. [14℄. 
The geometry of reahability sets under ontration
semigroups is illustrated and summerised in Fig. 1.
In general, it is quite intriate to show that outer ap-
proximations of the Lie wedge L(PΣ) derived from Theo-
rem III.5 in fat oinide with L(PΣ). To the best of our
knowledge, no eient proedure to expliitly determine
the global Lie wedge of Eqn. (14) does exist. Thus, for op-
timisation tasks on Reach(ρ), one urrently has to resort
to standard optimal ontrol methods. A straightforward
and robust algorithm is mentioned in the nal setion.
Moreover, a new approah based on an approximation of
L(PΣ) is skethed.
IV. RELATION TO OPTIMISATION TASKS
We follow [46℄ in onsidering optimisation tasks that
ome in two senarios, see also Fig. 2: (a) abstrat opti-
misation over the reahable set and (b) optimal ontrol
of a dynami system speied by its equation of motion
(e.g. of Kossakowski-Lindblad form). More preisely, an
abstrat optimisation task means the problem of nding
the global optimum of a given quality funtion f over the
reahable set of an initial state ρ (independently of the
ontrols that may drive the system to the desired opti-
mum). In ontrast, a problem is said to be a dynami
optimisation task if one is interested in an expliit (time
dependent) `optimal' ontrol u∗ that steers the system as
losely as possible to a desired nal state, where `optimal'
an be time- or energy-optimal et.
In ases where the reahable set Reach(ρ) an be har-
aterised onvenientlyas, for instane, in losed quan-
tum systems where it is ompletely haraterised by the
system Lie algebra so that Reach(ρ) oinides with the
system group orbit numerial methods from non-linear
optimisation (on manifolds) are appropriate to solve ab-
strat optimisation tasks on Reach(ρ). Details have
been elaborated in [46℄. However, in open quantum sys-
tems a satisfatory haraterisation of the reahable set
Reach(ρ)e.g., via Lie algebrai methodsis urrently
an unsolved problem. Thus numerial methods designed
for optimal ontrol tasks (b) may serve as handy sub-
stitutes to solve also abstrat optimisation tasks (a) on
Reach(ρ).
To be more expliit, we onsider the Kossakowski-
Lindblad equation (19) with ontrolled Hamiltonian (8)
in superoperator representation. We are faed with a sys-
tem taking the form of a standard bilinear ontrol system
(Σ) for vec ρ ∈ CN
2
reading
vec ρ˙ =
(
A0 +
m∑
j=1
ujAj
)
vec ρ (25)
with drift term A0 := −i(1lN⊗Hd−H
⊤
d ⊗1lN )−Γ̂L, ontrol
diretions Aj := −i(1lN⊗Hj−H
⊤
j ⊗1lN ), and ontrol am-
plitudes uj ∈ R, while Γ̂L is given by Eqn. (16). Then an
optimal ontrol task boils down to maximising a quality
funtional with respet to some nite dimensional fun-
tion spae, e.g., pieewise onstant ontrol amplitudes
(for details see [46℄ Overview Setion). Clearly, one an
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redue the size of system (25) by hoosing a oherene-
vetor representation instead of a superoperator repre-
sentation without hanging the priniple approah.
In this ontext, we would like to point out a remark-
able interpretation of L(PΣ). The method just outlined
may lead to a (disretised) unonstrained gradient ow
on some high-dimensional Rm. While the `loal' searh
diretions (pulled bak to state spae) are onned to di-
retions available in the `loal' Lie wedge of Eqn. (14),
i.e. to the smallest Lie wedge generated by A0 and ujAj ,
uj ∈ R, the entire method nevertheless allows to vary
the nal point ρ(T ) within an open neighbourhood of
Reach(ρ), f. Fig. 2(b). In ontrast, a gradient-like
method on the reahable set itself similar to the one for
losed systems, but with searh diretions onstrained to
the (loal) Lie wedge would in general fail, f. Fig. 2(a).
Outlook: An Algorithm Exploiting the Lie-Wedge
Yet, ombining both methods yields a new approah
to abstrat optimisation tasks: (i) First determine an in-
ner approximation c of the Lie wedge. (ii) Then, hoose
n ∈ N and dene a map from the n-fold artesian produt
c×· · ·×c to R by (Ω1, . . . ,Ωn) 7→ f(eΩn · · · eΩ1). Optimise
this funtion over the onvex set c× · · · × c and inrease
n if neessary. We do expet that the performane of
suh an approah improves the better the approximation
of the Lie wedge is. In partiular, the length of the ne-
essary produts eΩn · · · eΩ1 will signiantly derease if c
is a good approximation to L(PΣ). Thus even for nu-
merial aspets knowing the Lie wedge is of onsiderable
interest.  With these remarks we will turn to other
points pertinent in pratie.
Pratial Impliations for Current Numerial
Optimal Control
The above onsiderations have further impliations for
numerial approahes to optimal ontrol of open sys-
tems in the sense of the dynami task (b) of the previ-
ous setion. They provide the framework to understand
why time-optimal ontrol makes sense in ertain wh-
ontrollable systems, whereas all other situations ask for
expliitly taking the Kossakowski-Lindblad master equa-
tion into aount. Consider three senarios: (i) open
quantum systems that wh-ontrollable with almost uni-
form deay rate, (ii) generi open systems with known
Markovian (or non-Markovian) relaxation harateris-
tis, and (iii) open systems with unknown relaxation be-
haviour.
In the simple ase (i) of a wh-ontrollable system with
almost uniform deay rate γ, ΓL approximately ats on
her0(N) as salar γ1l. Now assume that by numerial
optimal ontrol a build-up top urve g(T ) (value fun-
tion) of maximum obtainable quality against total dura-
tion T was alulated for the orresponding losed sys-
tem with ΓL = 0. Moreover, let T∗ denote the small-
est time allowing for a quality above a given error-
orretion threshold. Together with the uniform deay
rate γ this already provides all information if the quality
funtion depends linearly on ρ(T ). Hene determining
T ′∗ := argmax{g(T ) · e
−γT } gives the optimal time for
the desired solution. More oarsely if T ′∗ ≃ T∗, time-
optimal ontrols for the losed system are already a good
guess for steering a wh-ontrollable system with almost
uniform deay rate.
For ase (ii), when the Kossakowski-Lindblad op-
erator is known, but generially does not ommute
with all Hamiltonian drift and ontrol omponents, it
is urrently most advantageous to use numerial opti-
mal ontrol tehniques based on the Master equation
with spei Kossakowski-Lindblad terms as has been
illustrated in [87℄. The importane of inluding the
Kossakowski-Lindblad terms roots in the fat that their
non-ommutative interplay with the Hamiltonian part
atually introdues new diretions in the semigroup dy-
namis. Likewise, in [88℄, we treated the optimal ontrol
task of open quantum systems in a non-Markovian ase,
where a qubit interats in a non-Markovian way with a
two-level-utuator, whih in turn is dissipatively ou-
pled to a bosoni bath in a Markovian way.
Clearly, the ase of entirely unknown relaxation har-
ateristis (iii), where e.g., model building and system
identiation of the relaxative part is preluded or too
ostly, is least expeted to improve by suitable open-
loop ontrols, if at all. Yet in [87℄ we have demonstrated
that guesses of time-optimal ontrol sequenes (again ob-
tained from the analogous losed system) mayby sheer
serendipitybe apt to ope with relaxation. In pratie,
this omes at the ost of making sure a suiently large
family of time-optimal ontrols is ultimately tested in
the atual experiment for seleting among many optimal-
ontrol based andidates by trial and error.  Sine this
proedure is learly highly unsatisfatory from a sienti
viewpoint, eient methods of determining pertinent de-
ay parameters are highly desirable.
CONCLUSIONS
Optimising quality funtions for open quantum dy-
namial proesses as well as determining steerings in on-
rete experimental settings that atually ahieve these
optima is tantamount to exploiting and manipulating
quantum eets in future tehnology.
To this end, we have reast the struture of ompletely
positive trae-preserving maps desribing the time evolu-
tion of open quantum systems in terms of Lie semigroups.
On an abstrat level, the semigroups of ompletely pos-
itive operators may thus be seen as a speial instane
within the more general theory of invariant ones [24, 89℄.
Here, we have identied the set of Kossakowski-Lindblad
generators as Lie wedge: the tangent one at the unity
of the subsemigroup of all invertible, ompletely positive,
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and trae-preserving operators oinides with the set of
Kossakowski-Lindblad operators.
In partiular, (in the onneted omponent of the
unity) invertible quantum hannels are time dependent
Markovian, if they belong to the Lie semigroup gener-
ated by the Lie wedge of all Kossakowski-Lindblad op-
erators. Moreover, a time dependent Markovian hannel
speialises to a time independent Markovian one, if the
Lie wedge of an assoiated semigroup shows the stronger
struture of a Lie semialgebra.  Likewise, in time de-
pendently ontrolled open systems the existene of ef-
fetive Liouvillians that omply with the dynamis given
by the Master equation is linked to Lie-semialgebra stru-
tures.
In view of ontrolling open quantum systems, reah-
able sets have been desribed in the same framework.
Compared to losed systems, the struture of reahable
sets of open systems has turned out to be muh more del-
iate. To this end, we have introdued the terms Hamil-
tonian ontrollability and weak Hamiltonian ontrollabil-
ity replaing the standard notion of ontrollability, whih
fails in open quantum systems whenever the ontrol re-
strits to the Hamiltonian part of the system. For simple
ases, we have haraterised Hamiltonian ontrollability
and weak Hamiltonian ontrollability. These denitions
also allow for haraterising the onditons under whih
time-optimal ontrols derived for the assoiated losed
systems already give good approximations in quantum
systems that are atually open. In the generi ase, how-
ever, obtaining optimal ontrols requires numerial tools
from optimal ontrol theory based on the full knowedge
of the system's parameters in terms of its Kossakowski-
Lindblad master equation.
Finally, we have outlined a new algorithmi approah
making expliit use of the Lie wedge of the open sys-
tem. In ases simple enough to allow for a good approx-
imation of their respetive Lie wedges, a target quantum
map an then be least-squares approximated by a prod-
ut with omparatively few fators eah taking the form
of an exponential of some Lie-wedge element.
Sine the theory of Lie semigroups has only sarely
been used for studying the dynamis of open quantum
systems, the present work is also meant to struture and
trigger further developments. E.g., the above onsidera-
tions on k-p deompositions may serve as a framework to
desribe the interplay of Hamiltonian oherent evolution
and relaxative evolution: this interplay gives rise to new
oherent eets. Some of them relate to well-established
observations like, e.g., the Lamb-shift [90℄ or dynami
frequeny shifts in magneti resonane [91, 92, 93℄, while
others form the basis to very reent ndings suh as
dephasing-assisted quantum transport in light-harvesting
moleules [94, 95, 96, 97, 98℄.
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